Abstract: The scattering of polarized light from a dielectric film sandwiched between two different semi-infinite dielectric media is studied experimentally and theoretically. The illuminated interface is planar, while the back interface is a two-dimensional randomly rough interface. We consider here only the case in which the medium of incidence is optically more dense than the substrate, in which case effects due to the presence of a critical angle for total internal reflection occur. A reduced Rayleigh equation for the scattering amplitudes is solved by a rigorous, purely numerical, nonperturbative approach. The solutions are used to calculate the reflectivity of the structure and the mean differential reflection coefficient. Optical analogues of Yoneda peaks are present in the results obtained. The computational results are compared with experimental data for the in-plane mean differential reflection coefficient, and good agreement between theory and experiment is found.
Introduction
In many theoretical and experimental studies of the scattering of light from randomly rough surfaces the medium of incidence is vacuum. In the case that the scattering medium is a dielectric, this choice for the medium of incidence rules out investigations of interesting single-and multiplescattering effects associated with the phenomenon of total internal reflection, which occurs when the medium of incidence is optically more dense than the scattering medium.
By use of the stochastic functional approach [1] Kawanishi et al. studied the coherent and incoherent scattering of an electromagnetic wave from a two-dimensional interface separating two different dielectric media [2] . The medium of incidence could be either medium. The theoretical approach used in this work was perturbative, and applicable only to weakly rough interfaces. Nevertheless it yielded interesting results, including the presence of Yoneda peaks in the angular dependence of the intensity of the light scattered back into the medium of incidence, when the latter is the optically more dense medium. These are sharp asymmetric peaks occurring at the critical angle for total internal reflection, for a fixed angle of incidence, for either por s-polarization of the incident light. These peaks were first observed experimentally in the scattering of x-rays incident from air on a metal surface [3] . Until now they have not been observed in optical experiments.
In subsequent work Soubret et al. [4] derived a reduced Rayleigh equation for the scattering amplitudes when an electromagnetic wave is incident from one dielectric medium on its twodimensional randomly rough interface with a second dielectric medium. They obtained a solution of this equation as an expansion in powers of the surface profile through terms of third order, but in obtaining the numerical results presented in the paper the medium of incidence was assumed to be vacuum.
In this paper we remove two limitations present in earlier studies of the scattering of light from dielectric structures possessing one two-dimensional interface. The first constraint we remove is the lack of experimental results for scattering from two-dimensional randomly rough interfaces in the presence of total internal reflection. We present experimental results for the contribution to the mean differential reflection coefficient (DRC) from in-plane co-polarized scattering. These are the first experimental studies of such scattering, and they demonstrate the existence of Yoneda peaks at optical frequencies.
The second limitation we remove is the absence of nonperturbative solutions of the equations of scattering theory. We solve a reduced Rayleigh equation for the scattering amplitudes for the dielectric structure studied experimentally, by a rigorous, purely numerical, nonperturbative approach. The solutions are used to calculate the reflectivity and the mean DRC of the structure, the latter of which is compared with the experimental results.
Theoretical formulation
The scattering system we consider consists of a dielectric medium whose dielectric constant is ε 1 in the region x 3 > 0, a dielectric medium whose dielectric constant is ε 2 in the region −d + ζ (x ) < x 3 < 0, where x = (x 1 , x 2 , 0), and a dielectric medium whose dielectric constant is ε 3 in the region x 3 < −d + ζ (x ) [see Fig. 1 ]. The dielectric constants ε 1 , ε 2 , and ε 3 are all real and positive. The surface profile function ζ (x ) is assumed to be a single-valued function of x that is differentiable with respect to x 1 and x 2 , and constitutes a stationary, zero-mean, isotropic, Gaussian random process. This random process is defined by the surface height autocorrelation function ζ (x )ζ (x ) = δ 2 W (|x − x |). The angle brackets here and in all that follows denote an average over the ensemble of realizations of the surface profile function, and δ = ζ 2 (x ) We have chosen to study this structure instead of the simpler system of a single twodimensional randomly rough interface separating two different dielectric media because it is the one employed in the experimental work whose results will be compared with the results of our calculations.
The interface x 3 = 0 is illuminated from the region x 3 > 0 by a plane wave of angular frequency ω. We write the electric field in this region as the sum of an incident field and a scattered field, E(x; t) = [E(x|ω) inc +E(x|ω) sc ] exp(−iωt), where
where
A caret over a vector indicates that it is a unit vector. In Eq. (1) E 0p (k ) and E 0s (k ) are the amplitudes of the p-and s-polarized components of the incident field with respect to the plane of incidence, defined by the vectorsk andx 3 . Similarly, A p (q ) and A s (q ) are the amplitudes of the p-and s-polarized components of the scattered field with respect to the plane of scattering, defined by the vectorsq andx 3 .
Maxwell's equations and the associated boundary conditions at the interfaces x 3 = 0 and x 3 = −d + ζ (x ) imply a linear relation between A p (q ), A s (q ) and E 0p (k ), E 0s (k ), which we write as (α = p, s, β = p, s)
The equations satisfied by the scattering amplitudes {R α β (q |k )} can be written in the form
and the matrix elements are expressed as [4]
In writing Eq. (8) we have defined
where d is the mean thickness of the film, and
The contribution to the mean DRC from the light that has been scattered incoherently (diffusely), and the reflectivity of the scattering system can be expressed in terms of the scattering amplitudes {R α β (q |k )}. Thus, the fraction of the total time-averaged flux in an incident wave of polarization β, the projection of whose wave vector on the mean scattering plane is k that is scattered incoherently into a wave of α polarization, the projection of whose wave vector on the mean scattering plane is q , within an element of solid angle dΩ s about the scattering direction defined by the polar and azimuthal scattering angles (θ s , φ s ), is given by
Here S is the area of the plane x 3 = 0 covered by the random surface, and we have used the
Similarly, the reflectivity for light of polarization α incident on the surface with a polar angle of incidence θ 0 is
The numerical solution of equations like Eq. (5) is described in detail in [5] . The theoretical results given by Eqs. (5)- (7) are valid both when the medium of incidence is optically more dense than the substrate and when it is optically less dense. However, in this paper we will present computational and experimental results only for the former case, because it is only in that case that effects due to total internal reflection occur. Results for the latter case will be presented elsewhere [6] .
Experimental details
We have conducted angular scattering experiments with specially fabricated randomly rough surfaces. They were fabricated by exposing photoresist-coated plates (Shipley 1805) to statistically independent speckle patterns [8] . The speckle patterns were produced by passing a He-Cd laser beam (λ = 442 nm) through a ground glass plate. The samples consist then of a glass substrate (ε 1 = 2.25), covered with a randomly rough film of photoresist (ε 2 = 2.69) in contact with air (ε 3 = 1), see Fig. 1 .
Due to the exposure characteristics, the surfaces should have approximately Gaussian statistics and a Gaussian correlation function. They were characterized optically (by the strength of the coherent component) and by means of a mechanical profilometer. We present scattering data obtained from a surface whose rms height is δ = 22 nm and its transverse correlation length a = 1.9 µm. In the visible region of the spectrum, theories based on the reduced Rayleigh equation are adequate to deal with surfaces with such characteristic parameters. The mean film thickness of the sample is d = 0.6 µm.
The experimental arrangement is shown in Fig. 1 . The intensity was measured as a function of angle using a scatterometer that consists of an illumination and a detection system whose angular position can be controlled by a computer using two rotary stages with an angular resolution of 0.25 degrees. The illumination system consists of a HeNe laser beam (λ = 632.8 nm) and a series of mirrors, diaphragms and lenses. The intensity and polarization of the illumination were controlled by placing, in series, a circular and a linear polarizer.
In order to illuminate the surface from the optically denser medium with angles of incidence close to the total internal reflection angle, the substrate was put in optical contact with a glass hemisphere (about 3.7 cm in diameter) using index matching oil [see Fig. 1 ]. A converging beam was focused a couple of centimeters before the glass hemisphere so that, after refraction at the hemisphere, the photoresist-air interface was illuminated by a diverging beam. The scattered light passed again through the glass hemisphere and was collected by the detection system, about 30 cm away, in what is, effectively, the far field of the rough photoresist-air interface. The detection system consisted, basically, of a lens and a silicon detector. To reduce noise in the measurements, the detected signal was processed using lock-in detection techniques. For this, a mechanical chopper and a lock-in amplifier were used in the illumination and detection systems, respectively. The use of the hemisphere permits the illumination of the rough interface with angles of incidence beyond the critical angle and simplifies the measurements of the angular distribution of scattered light. On the other hand, it introduces some experimental difficulties. First of all, the light has to pass twice through an interface with high optical power and, in a symmetric system (equal distances to the point source and to its image, obtained by specular reflection from the photoresist-air interface), the conjugate distances are practically equal to the diameter of the hemisphere. To facilitate the measurements, the first conjugate (source of the diverging beam) must be placed close to the hemisphere, so that the second conjugate point moves away from the sample, as shown in Fig. 1 . The detection system moves then in a circle whose radius is determined by the position where the light that is specularly reflected by the rough photoresist-air interface is focused.
The alignment of the whole system is quite demanding. It is hard to make the center of curvature of the glass hemisphere coincide with the center of rotation of the sample, which makes it difficult to establish the angles of incidence and scattering with precision. However, since the critical angle is determined solely by the dielectric constants of the flat photoresist-air interface, this difficulty was circumvented by making the critical angle observed in the measurements coincide with the theoretical value of the critical angle. The other issue worth mentioning is that, since it is not possible to measure directly the light incident on the rough photoresist-air interface, it is difficult to obtain scattering data normalized by the incident power.
Results and discussion
Numerical and experimental results for the contribution to the mean DRC from in-plane copolarized light scattered incoherently by the rough surface, ∂R αα /∂Ω s incoh , are presented in Figs. 2 and 3 , respectively, for the same values of θ 0 . By also calculating the transmitted intensity, energy conservation was found to be satisfied in our calculations with an error smaller than 10 −3 (see [6] for details). For polar angles of incidence θ 0 θ 0 = 30 • , no pronounced Yoneda peaks are observed, either in the experimental or numerical data; at least, this is true for the structure that we considered. However, when the angle of incidence is increased towards the critical angle for total internal reflection θ c = 41.89 Figs. 2 and 3 ; panels θ 0 = 35 • , 38 • ]. Initially these peaks are most readily observed in p-to-p scattering, but for an angle of incidence in the vicinity of the critical angle, θ 0 θ c , Yoneda peaks are also clearly identifiable in s-to-s scattering. Finally, for θ 0 > θ c , Yoneda peaks are no longer observed either in the numerical or experimental data, and the signal amplitude at their position starts to drop off as one approaches grazing incidence [see Fig. 4 ].
There is a good quantitative agreement between the predicted angular positions of the Yoneda peaks presented in Fig. 2 , and the experimental positions presented in Fig. 3 . There is qualitative agreement about how these peaks develop with an increase of the polar angle of incidence. However, the experimental distributions ∂R αα /∂Ω s incoh are broader then their numerical counterparts, and the ratio of the amplitudes of the two co-polarized experimental intensity distributions are not consistently reproduced by the numerical simulation results. We attribute these differences between the experimental and numerical results in part to deviations of the statistical properties of the fabricated randomly rough surface used in the experiments from those assumed in performing the numerical calculations [7] .
To better represent the dependence of the incoherently scattered light on the polar angles of incidence and scattering, in Fig. 4 we present contour maps of the angular dependence of the computational results for the in-plane, p-to-p incoherent scattering contribution to the mean DRC. The inset in Fig. 4(a) details the region around (θ s , θ 0 ) = (θ c , θ c ) and explicitly shows the asymmetric character of the Yoneda peak phenomenon. To more readily inspect the local variations of this data set, Fig. 4(b) presents a contour plot of log ∂R p p /∂Ω s incoh as a function of θ s and θ 0 for −90 • < θ s < 90 • [12] . Several features of the scattered intensity should be noted from the results presented in Fig. 4(b) . The first feature is the rapid intensity variations in the angular region around θ 0 = θ c or θ s = ±θ c . For instance, at normal incidence [θ 0 = 0 • ], local minima in the p-to-p scattered intensity distributions are observed around θ s ≈ ±θ c [seen as the dark blue vertical structures in Fig. 4(b) ]. As the polar angle of incidence is increased, the scattered intensity distribution is transformed from displaying local minima around θ s ≈ ±θ c to displaying local maxima around the same angles. Only in the latter case does the scattered intensity distribution show Yoneda peaks, the phenomenon that we study experimentally in this work. It should be mentioned that in a recent numerical study of a related scattering system, a similar variation of the in-plane, p-to-p scattered intensity around θ s ≈ ±θ c was observed and explained theoretically [6] . In this publication it was also shown that the in-plane, s-to-s scattered intensity displays Yoneda peaks independent of the value of the polar angle of incidence. Figure 5 presents experimental results for the angular dependence of the intensity distributions of the light scattered also outside the plane of incidence; as such, these results complement the measured in-plane intensity distributions reported in Fig. 3 .
The photographs of the scattered intensity patterns depicted in Fig. 5 , were obtained with the arrangement illustrated in Fig. 6 . As in the scattering measurements reported in Fig. 3 , the sample is illuminated through a glass hemisphere, and the light is scattered back from the rough back surface of the sample through the glass hemisphere. However, in contrast to how the scattering measurements were preformed to produce the results of Fig. 3 , a rough aluminum screen was placed about 45 cm from the sample so that the light would rescatter from it and form an image on the screen. A digital camera was then used to take photographs of the scattering patterns observed on the aluminum screen. It is in this way that the photographs shown in Fig. 5 were obtained. The specular direction is represented by the bright red circular spots readily observed in the results presented in Fig. 5 . As the polar angle of incidence is approaching the critical angle for total internal reflection θ c = 41.89 • , the Yoneda peaks start to appear. In particular, for the intensity distributions presented in Fig. 5 corresponding to the polar angles of incidence 38 • and 41 • , the Yoneda phenomenon is clearly seen. It is manifested by an abrupt increase in the intensity of the scattered light in directions parallel to the plane of incidence. This results in a "ridge" of high intensity that locally is oriented almost perpendicular to the plane of incidence. This finding is consistent with the theoretical prediction for the full angular intensity distribution of the light scattered from a sample of similar geometry [6] .
Although small amplitude perturbation theory predicts that the Yoneda peaks occur in the contribution to the scattering amplitudes {R α β (q |k )} of first order in the surface profile function [6] , and so are single-scattering phenomena, their physical interpretation has been the subject of discussion for five decades. In a study of the reflection of x-rays from a polished surface Warren and Clark [9] proposed that these peaks can be interpreted in terms of a small angle scattering from a projection on an irregular surface followed by total reflection. In a subsequent study of grazing-angle reflection of x-rays from rough metal surfaces, Vineyard [10] noted that the angular dependence of the Fresnel coefficient for transmission through a planar vacuum-metal interface produces a transmitted field on the surface whose angular dependence has the form of an asymmetric peak. The maximum of this peak occurs at the critical angle for total internal reflection and has a magnitude that is twice that of the incident electric field on the surface, which leads to an enhanced diffuse scattering at this angle. This effect was invoked by Sinha et al.
[11] as the origin of the Yoneda peaks. However, it is not a physical explanation for the origin of these peaks. Kawanishi et al. [2] suggested that the Yoneda peaks may be due to the presence of lateral waves, excited through the roughness, propagating along the interface in the optically less dense medium. This wave satisfies the condition for refraction back into the optically more dense medium, and therefore leaks energy at each point along the interface along rays whose scattering angle equals θ c . This explanation is attractive, but should be explored more through additional calculations.
Finally, in Fig. 7 we present the calculated reflectivity of our structure for p-and s-polarized incident light. The effect of total internal reflection is clearly seen in these results. For θ c < θ 0 < 90 • the reflectivity in each polarization decreases by approximately 20% from the corresponding Fresnel reflectivity in much of this interval, a significant change for the degree of roughness possessed by this surface.
Conclusions
In this paper we have presented the first experimental results for the scattering of p-and spolarized light from a dielectric structure with a two-dimensional randomly rough interface that can display effects associated with total internal reflection. In particular, we have shown the existence of Yoneda peaks in the angular dependence of the mean differential reflection coefficient. The experimental results are supported by the results of rigorous, purely numerical, nonperturbative solutions of the reduced Rayleigh equation for scattering from this structure. These features are already present in single-scattering calculations of the mean differential reflection coefficient. It will be of interest to see how they develop in the presence of strong multiple scattering and in transmission. Finally, we find that even a small degree of roughness significantly depresses the reflection of p-and s-polarized light for scattering angles greater than the critical angle for total internal reflection. 
